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1 Introduction

Theorem: Extreme value/Weierstrass

Let f: © — R be continuous and €2 C R™ compact. Then f attains its min and max on 2.

Definition: Coercive

f: R® = R is called coercive if for every sequence (z(*)) for which ||z*|| 00 then f(z™®)) = oo
—00

Theorem: Existence min

Let f: R™ — R be coercive and continuous, then f has a global min.

Theorem: Midpoint convexity

A closed midpoint convex set is also convex.

Operations that conserve convexity
* Intersection (may be infinite)
* Projection onto coordinate
* Cartesian product
* Minkowski sum: S; + Sy :={x+y|x €S, y € Sa}
* Affine transformations
x If f: RY — R is convex, then f(Ax + b) is convex.

* If f; : © — R are convex and w; > 0, then this is convex:
m
f(x) = szfz(ﬂﬁ) (Vm € NU {+o0})
i=1

* If fi: Q@ — R are convex, then f(z):= sup fi(x) is convex (m € NU oo)

* If f is convex and non-negative, then (f(x))® is convex Va > 1

x If f(z,y) is convex on R4F92 and Y C R is convex, then

:= inf i
g(x) ylgy f(z,y) 1is convex

Thm about convex hull

Let S ¢ R?%. Ten every points in conv S can be written as a convex combination of at most d + 1 points in S.



2 Convex Programming

Thm: equivalence of problem

Let £: R™ — R be a linear functioin and €2 C R™ be compact.
Then min 4(x) s.t. x € § is equivalent to: min4(x) s.t. € conv(2).

Definition: a-strong convexity
f is called a-strong convex if g(z) := f(z) — %Hx”% is convex (a > 0).

Note: Strong convex = strict convex = convex
Some reformulation:

(V@) = Vi) (z—y) > alz—y|?
) = @)+ Vi@ (y = ) + G lle = oIl
Thm: Grad on convex functions

Let f: R™ — R be given. If f is differentiable, then the following are equivalent:

1. f is convex

2. f(y) = f(2) + V(@) (y—2) Vo,yeR"
3. Vif(z) >0 VaxeR"

Note: the function f(X) = logdet(X) is concave for X € S’}

Optimality conditioins

Consider IH].IRI}i f(x) sit. x € Q where Q, f are conved and f is differentiable.
re

r* is optimal <= 2* € Q and Vf(z*)T(y —2*) >0 VycQ



3 Standard Problems

Linear Programming (LP)

An LP is the problem of optimizing a linear function over a polyhedron:

m]iRnch cceR" s.t. azrxgbi t1=1...m equivi Az <b
xeR™

Note: Standard form of LP:
m%@n 'z st. Br=d, >0
reR™

Also, the max/min flow problem is a linear problem.

Quadratic programming (QP)

A QP is optimizing a quadratic function over a polyhedron:

m%@r}l 2TQr+ ¢’z (+¢) st. Az <b QeS"

xE

The QP is convex iff Q > 0 otherwise it’s non-convex and quite difficult to solve.

Quadraticly constrained QP (QCQP)
minxthx—i-qu—i—co s.t. xTQiac—&—qZTx—Fci <0 i=1...m

This is convex if Qq,...,Qm = 0

Second-order cone programming (SOCP)

ming’z st. [[Aix+bla <clz+d; i=1...m, A; € RE*"
x

Note: QCQP C SOCP

Geometric Programming (GP)

Monomial function: f(Z) =c- 7" - 28 with ¢ >0, a; € R, x; > 0.

m
Posinomial function: g(#) = Z fi(&) where f; are monomials.
i=1

The posinomials are closed under addition and multiplication, the monomials are closed under multiplication
and division.

Def GP:
mi%fo(f) st fi(@) <1, hy(7) =1

where fy is a posy., f; are posy. and h; are mono.
This is generally not convex but with change of variables and passing by the fact that the log-sum-exp function

is convex:
(@) =log(Y  exp(:))
i
We can show that GP is equivalent to a convex programming problem.

Semidefinite programming (SDP)

I)??é%TI‘(CX) st. Tr(A;X)=b;, X =0, C,A; €S

This formulation is a generalisation of LP



Support vector machine (SVM)
The role of this programming is to ”classify” data into categories. For the simplest case, a linear sepparation we

can set the problem with the following formulation:

maxt s.t. yi(alz;+b)>t Vi, |lallz=1

a,b,t



4 Duality
4.1 Weak duality

Lagrangian
Take a programming problem:

nel]iRI}Lfo(x) st. fi(z)<0 i=1...m and h;(x)=0 j=1...p (P)

The Lagragian £: D x R™ x RP — R is defined:

m
—

(& X,9) = fo(B)+ Y Nfil@) + Y vhi(&)
i=1 =1

Note that D C R™: D = (N dom f;)N (N dom h;) The Lagrangian dual function of (P) is: g : R™ xR? — RU{—o0}

A\, D) — ;Ielzf)ﬁ(x’)\’y)

Note that g is a concave function !!

Thm: Lower bound

The dual function g gives a lower bound to the optimal value of (P):

YA>0, v eRP = g(\,v) < p.
Remarque: In general the max of g(\, v) gives the best lower bound for the primal problem.

Some duals

e Note that the dual of LP in standard form can be computed to be an LP in inequality form and the reverse
also hold.

e The dual of an SDP is an SDP in LMI form

4.2 Strong duality

We know that for weak duality d. < p., strong duality is when the equality hold, i.e.: d, = p4. This is true for
most convex problem and rarely for non convex problem.

Slater’s condition

Let (P) be the problem: min, fo(z) s.t. fi(x) < 0,4 = 1...m where f; are convex and Az = b. Denote A := {
index i, such that f; is affine }

The program (P) satisfies Slater’scondition if it is strictly feasible, i.e:
3% € relint D st fi(2) <0, AT =10
It satisfies the weak Slater’s condition is:

<0 ie A
3z € relint D s.t. fi(Z)< — , AT =10
ve e ° 1i(@) {< 0 Otherwise v

Thm: Weak Slater’s

If (P) is convex and satisfis the weak Slater’s condition, then strong duality holds.



Thm: Separation Hyperplane
Let C, D C R™ be two disjoint, convex, non empty sets. Then da € R", a # 0 s.t.:

inf a7z > sup atx
xeD zeC

(In other words: there exists an hyperplane separating the two sets)

Thm: Convex strong duality

Let (P) be convex, bouded below, and satisfying slater’s condition. Then strong duality holds.

4.3 Saddle points

Def: weak max-min property

inf < inf
Slelg nf d(z,y) < nf 21615 o(x,y)

Note: This holds for any function ¢ : X xY — R

Def: Saddle point
A function ¢ : X x Y — R has a saddle point if 32* € X and y* € Y such that:

d(x*,y) < o™, y") < d(w,y")  VeeX,yeY

Thm: Strong max-min property

If ¢ has a saddle point, then it will satisfy the strong max-min property:

sup inf ¢(z = inf su T
ytelgwexqb( 2 Y) Zexyegaﬁ( 'Y)

Thm: Saddle/Strong duality

The set of saddle points of the Lagrangian of (P) is non empty iff strong duality holds for (P). And in that case,
the optimal primal/dual solutions are the saddle points.

KKT condition for (P)
Jz* A* st. ¥ € DN >0 and V. L(z*,\*) =0, fi(z*) <0, \;fi(z*) =0



5 Algorithms for unconstrained opt. prob.

5.1 On function smoothness
Def: S-smoothness

A function f: R™ — R is S-smooth if Vf: R™ — R is Lipschitz continuous with parameter 3:
IVf(x) = Vil <Blle -yl Vo,yeR”

Note: If f € C?, then B-smoothness is equiv to V2f(z) < 8- Id

Lemma on -smoothness
7w) ~ S@) V@ =)l < Sy —al?  vryeR"

Def: Type (o, 3)

A function is of type («, ) if it is « strongly convex and S-smooth.

Thm: On (a, )
Let f be of type (a, ), then:

%nwwn% < f@) —pe < L |VF@)2

~ 2«

Notes: Hence up to a factor QL and %, the gradiant squared is comparable to error in function value.

— If we have a point = with small gradiant, then the error in function value at this point is also small.
Thm: Error bound on z
Let f be of type (a, (), then:
2
lz = zllz < ~IVf()]2

5.2 Gradient method

Idea:
Tl = Tk + tg - dg, ti,  the stepsize and d; the direction

We want to find a good direction (and stepsize) suck that f(zpt+1) < f(xr). When we chose di, = Vf(xy) as
direction, we get steepest descent.

Thm: Conv speed SD

Let f be of type (a, 8). Then SD with exact line search satisfies:

k
@
fa) =< (1-5) () =)
Thm: Better conv. bound
2
Let f be of type («, ). Then SD with constant stepsize t = "y satisfies:
e
2a k—1 I}
— T, < ~k — Ty N = 1 — = —, = —
len = 2ulla <F7llwo —aull2 7 atB _rrl "Ta



Remarque: We can retrieve the bound in function value using S-smoothness:

0

o)~ f2) < VI @A™ w) + 5 s — 2.l

<V
B
< 57%”950 - CU*HQ

5.3 Oracle Complexity

Idea of this section is to study generaly the quality of methods. For this purpose we define an oracle. Said simply,
an oracle is a little machine that, given an imput z, will output certains information about our function f. Ex:
Oth order oracle will only output f(z), 1st order oracle will also output V f(x), 2th order adds V2 f(x) etc. In this
course we’'ll limit ourselves at Oth and 1st order miracles.

We define the cost of a methad as the number of times it queries the oracle. The method computes better points
based on these oracle calls:

(1) Given xg, obtain f(xg), V f(xo).
Compute x; based on f(xg), Vf(z0): 1 = ¢1(z0, f(z0), Vf(x0))

(2) Given x1, obtain f(x1), Vf(z1).
Compute x2 based on the history: zo = ¢a(xo, f(20), Vf(20), z1, f(21), VI(z1))

(k) compute z = ¢x(zo, ..., Tr—1, f(z0),..., f(ar-1),V[(@0), ..., V[f(zr-1))

Def: Minimax oracle complexity

For a function class F, e.g. convex of type (o, 8), we define the minimax oracle complexity as:

OCk(F):= inf  sup (f(zr) —ps)
P11 feF
In a more verbose way, this study the best possible outcome of our algorithm ¢, ..., ¢r_1 for the worst possible

function in F. We cannot solve this directly but we can boud it to get an estimate:

() < supinf(f(wx) — p.) < infsup f(ax) — pe < ()
£ bi f

(%) The error of any method applied to an existing function feF.
(xx) Error of an existing method ¢ applied to any f € F.

Since we’re interested in the study of («, 3) functions, we know that an upper bound is given by:

B

2
: [

P25 wo — .

f(CCk) — D«

Thm: Gerschgorin
Let A be a complex n x n matrix with entries a; ;. Let R; be the sum of the absolute values of the non-diagonal
entries in the ¢-th row:
Ri = Z |aij|
J#i

Let D(a;, R;) C C be a closed disc centered at a;; with radius R;. Then every eigenvalue of A lies withing at least
one of the Gershgorin discs.

This is used in the demonstration. Suppose A € S”}. Then all the eigenvalues are real and positive. For matrices
with specific entries, e.g. tri-diagonal matrices, this can become handy as the sum R; is easy to compute.

10



Theorem: Nemirovski-Yudin, Westerov

There exists:
f: la — R of type («, 8) such that for any method ¢; satisfying: xp+1 = span(xq, ...,V f(zk))

2k
fe) ~po> (ﬁ:) N -

Conclusion: We see there’s a large gap when k£ — oo:

—4k\ o (VE—1\* _ OCLF) _B(r-1\* —Ak
— | & = < = =~ E—
ex"(ﬁ) 2 <¢E+1> = Two—2.3 = 2 (fm) e"p( . >

There’s not much we can to to improve from the left but there exists a method which can improve the upper bound.

Nesterov Accelarated Gradiant Descent (AGD)
The algorithm looks like:
Lo = Yo

Ykt1 = T — %Vf(ﬂfK)

Tpt1 = (1+0)  yry1 — 6 Y 0=

B

B
+
—_

Thm: Nesterov

For f of type («, 8), AGD satisfies:

Fon) = e < L exp (~2) - oo — 1

5.4 Smooth but not strongly convex

Direct consequences of removing the « strong convexity hypethesis:
e x* is not necc. unique.
e This implies we can only talk about convergence in function value: f(xzx) — p«.
e No longer use bouds that contains i

e The algorithms become much slower.

Thm: SD convergence

Let f be S-smooth. Then SD with stepsize % satisfies:

28 .
flar) =pe < = llwo =@z with any 2.+ f(2.) = p.

1
Rem: The convergence rate is algebraic: O(E)’ instead of exponential. Meaning much slower.

Thm: Lower bound to oracle complexity

There exists f : R — R convex and S-smooth such that any method satisfying our conditions (211 € span(zo, . .

also satisfies: 8l ”2 8
. 308 ||xg — 2«
—_ > -4 - - ~ .
i, f@) —pe 2 35T ( O<k2)>

11

oy Vf(il'()), “e



1 1
Rem: This also leaves a gap in the bound as SD ~ — and lower bound ~ w2 Turns out that Nesterov also found

a way to reduce the upper bound using a variation of ASD.

12



5.5 Subgradients

Let f no longer be smooth.

Def: Subgradient
Let f: Q CR®” — R. We call g € R" a subgradient of f at x € Q0 if Vy € (2:

fy) = fl@) + " (y — )
Thm: Subgrad
Let Q C R™ be convex. Let f: @ - R

1. If Vo € Q: Of(z) # @ then f is convex.
2. If f is convex, then Vo € int Q: 0f(z) # @

Thm: Supporting Hyperplane
Let S C R™ be convex and x € 9S. Then Jw € R?, w #0such that Vy € S : wly<w’z

5.6 Optimality conditions
Thm: Optim cond. non smooth

Let f be convex. Then z* is a global min of f iff 0 € af(x*)

Def: Normal cone to ) at z:

Let © C R™ be convex and closed:

No(z) :={veR" | vl (y—2) <0 VyeQ}
Rem: On a smooth part of 9Q, Ng(z) is the orthogonal complement of the tangent space T (z) in R™.

Thm: Opt. cond. constrained case

Let f: R™ — R be convex and £2 C R™ be convex and non empty. Then z* is a global min of mig f(z) iff 2* € Q
e

and:
dg € Of(z*) s.t. — g€ No(z")

5.7 Projected Gradiant Descent

We want to solve min f(z) s.t. « € Q. Steepest descent used something along the lines of: 1 = xg — tV f(x0).
Problems:

e Vf(zp) isn’t always defined, let’s replace it with some g € 0f(zo).
e 1 could escape our constain 2. We can project it back into Q: @ := xg — ¢ - g ~ x1 = Pa(21) Where the
projection is correctly define (See HW): Po(z) := arg migr_ll llz — yll3.
ye
Algo: Projected GD

zo € 0 Yk+1 =Tk —tk - gk gk € Of(xk) Zr+1 = Po(Yr+1)

13



Thm: PGD convergence rate
Assuming:
A) Q is connex, compact and non-empty:

o If x € Q, ||z]] < R € R. Other words: bounded

e Po(x) exists.

B) f is convex with bounded subgradiants: Vo € R" llgll < L Vg € 0f(x). This mean f is L lipschitz:

[f(y) = f(@)] < 19" (z = y)| < Lllz — y|

R
Then projected DG with stepsize t := ——= satisfies:

LVk
1< RL
— — Dy S -
f (k s;ﬂck> 2 7
Note:

e 15 is not constant, as k — oo, tp — 0

e We evaluate an average of lasts points.
e Convergence is very slow ~ =S

VEk

In some sense there’s no better method. In fact one can show that there exists a function f for which any PGD
will have error bonded > ﬁ

14
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